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Various recent theoretical investigations suggest that gravitational collapse of white dwarfs is
withheld for arbitrarily high masses if the equation of state is described by the generalized uncer-
tainty principle (GUP). There have been a few attempts to restore the Chandrasekhar limit but
they are found to be inadequate from different perspectives and some of them led to unphysical
mass-radius relations. In this paper, we rigorously resolve this problem by analyzing the dynamical
instability in general relativity. We confirm the existence of Chandrasekhar’s limit as well as stable
mass-radius curves that behave consistently with astronomical observations. Moreover, this stability
analysis suggests gravitational collapse beyond the Chandrasekhar limit signifying the possibility of
compact objects denser than white dwarfs.
I. INTRODUCTION
It has recently been argued that the generalized uncer-
tainty principle (GUP) removes the Chandrasekhar limit
[1–5]. This is due to the fact that the inclusion of GUP,
∆x∆p ≥ ~
2
{
1 + β(∆p)2
}
, (1)
via the equation of state gives white dwarfs of excessively
high masses. In other words, the mass is no longer bound
from above, so that
MGUP = 12
√
2
(
~c
G
)3/2
1
(µemu)2
(βp2Fc)
3/4. (2)
This implies that GUP-enhanced equation of state pre-
vents gravitational collapse and halts the formation of
compact astrophysical objects denser than white dwarfs.
This prediction contradicts astronomical observations
that confirm the existence of pulsars [6–8] and black holes
[9–11]. Moreover, it has been observed that the masses of
(non-magnetic) white dwarfs fall well within the Chan-
drasekhar limit [12–14],
MCh = 2.0182
√
3π
2
(
~c
G
)3/2
1
(µemu)2
≈ 5.76
µ2e
M⊙, (3)
apart from the super-Chandrasekhar white dwarfs, that
may well be double-degenerate mergers [15–17].
A solution to the problem was proposed by imposing
a cutoff in the Fermi momentum at the netronization
threshold [5]. Since the process of neutronization is not
built into the dynamical equations, and it is imposed by
hand, this solution is not a dynamical consequence of the
theory. A more satisfying solution ought to be based
on a theory where a collapse happens as a dynamical
consequence of the underlying equations of the theory.
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It is important to note that excessive mass of white
dwarfs results from the fact that the GUP parameter
β is positive. In an attempt to resolve this problem,
Ong [3] assumed the GUP parameter β to be negative
and obtained a mass-radius relation heuristically from
the GUP as
R =
√
|β| Mm
1/3
e c√
M
2/3
Ch −M2/3
ℓP , (4)
in the relativistic limit, giving the Chandrasekhar mass
MCh as an upper bound. However, this mass-radius re-
lation has two issues: (i) as the mass M increases, the
radius R also increases and (ii) the radius diverges as
the mass approaches the Chandrasekhar limit, prevent-
ing the formation of compact objects as the density would
have been infinitely diluted. These issues are in contra-
diction with observations that indicate that the radius
decreases with increase in mass of white dwarf. Moreover
we expect the formation of highly dense objects such as
neutron stars or black holes when the mass exceeds the
Chandrasekhar limit.
Apart from these issues, there is a more fundamental
issue related to the sign of the GUP parameter β. The-
ories of quantum gravity suggest a grainy structure of
the spacetime which naturally implies a minimum uncer-
tainty in position measurement [18–22]. The minimum
uncertainty in length in the GUP scenario is given by
∆xmin = ~
√
β
√
1 + β〈p〉2 as shown in Ref. [23]. This
obviously means that β must be positive as ∆xmin is a
real-valued quantity. Thus the assumption of β being
negative is untenable. The positivity of the GUP param-
eter β is also apparent in the thought experiment of ob-
serving an electron through a Heisenberg microscope [24].
The additional uncertainty in position of the electron due
to gravitational interaction with the photon turns out to
be a positive quantity, of the order of ℓ2P∆p/~ [25], im-
plying β is positive. Moreover, a string theoretic con-
sideration with a length scale ℓ∗ also leads to the same
additional uncertainty in position with ℓ∗ replacing ℓP
[26, 27]. In addition, measurement of the radius of an
extremal black hole by dropping a photon into it and
by observing the remitted photon gives a similar positive
2estimate for the uncertainty [28–30].
Ong and Yao [4] suggested an alternative approach to
circumvent the problem of non-existence of the Chan-
drasekhar mass via extending the GUP by incorporating
the effect of cosmological constant Λ, so that
∆x∆p ≥ ~
2
{
1 + β(∆p)2 − λ(∆x)
2
L2Λ
}
, (5)
with L2Λ = λ/Λ which is positive for de-Sitter expansion
of the Universe (λ = +3). Although the observed value
of Λ is very small, namely Λ ∼ 10−52 m−2, they showed
that this reformulation of GUP leads to a mass-radius
relation whose physically acceptable solution is strongly
dominated by the cosmological terms and the contribu-
tion from β is insignificant, making the sign of β irrel-
evant. This mass-radius relation clearly shows that the
Chandrasekhar mass is the upper bound. However, this
mass-radius relation also suffers from the same two is-
sues as described earlier, namely (i) and (ii) above. Con-
sequently, this reformulation does not represent realistic
white dwarfs for which the radius decreases with increas-
ing mass.
The above discussion suggests that we need not con-
sider the effect of the expanding Universe on white
dwarfs. On the other hand, if we include the effect of
quantum gravity via the GUP, we must take β to be
positive, as discussed previously. However, this poses a
well-known problem that the Chandrasekhar limit ceases
to exist. Since white dwarfs are found below the Chan-
drasekar limit, it is extremely important to solve this
problem posed by GUP. A satisfactory model of white
dwarfs ought to be based on a rigorous treatment of the
gravitational field so that the gravitational collapse for a
sufficiently massive white dwarf is well-represented.
In this paper, we present a complete and rigorous ap-
proach to resolve this problem. We take the framework
of general relativity (GR) and calculate the stellar struc-
ture of white dwarfs for positive GUP parameter β. We
also carry out a dynamical stability analysis of the equi-
librium configurations so that the maximal stable config-
uration is identified. In this way we confirm that the
Chandrasekar limit reappears when we take the GUP
parameter β within the upper bound suggested by the
electroweak limit [31]. In fact we find that the Chan-
drasekar limit robustly exists even when the value of β
is higher than the electroweak bound. However, this en-
hancement of β has an upper limit β¯ for the existence of
the Chandrasekar mass.
The reminder of the paper is organized as follows. In
Section II we present the fermionic equation of state fol-
lowing from GUP. In Section III we give details of the
mass-radius relation in the framework of general relativ-
ity. Section IV presents the dynamical stability analy-
sis confirming the Chandrasekar limit. A discussion and
conclusion is given in Section V.
II. GENERALIZED UNCERTAINTY
PRINCIPLE AND FERMIONIC EQUATION OF
STATE
A minimum uncertainty in length due to the granular
structure of space, which is essentially a quantum grav-
itational effect, can be incorporated by generalizing the
Heisenberg commutation relations [23] to
[xˆi, pˆj ] = i~δij(1 + βpˆ
2),
[pˆi, pˆj ] = 0, (6)
[xˆi, xˆj ] = 2i~β(pˆixˆj − pˆj xˆi).
These generalized commutation relations incorporate a
modified high momentum behavior via the terms contain-
ing β ∼ ~2/ℓ2P , where ℓP =
√
G/~c3 = 1.6162×10−33 cm
is the Planck length. Considering a classical Liouville’s
equation, it was shown [32] that the invariant measure
of the phase volume take up a factor of (1 + βp2)−3.
This imposes a severe restriction on the allowed quantum
states and thus modifies the thermodynamic properties
with respect to the ideal case.
The inclusion of quantum gravitational fluctuations via
the generalized uncertainty principle in the equation of
state of a degenerate electron gas was studied earlier in
different contexts [5, 33–36]. In this section, we present
the number density n, pressure P and energy density ε
of the electron degenerate gas. With the modified phase
volume, we employ the standard method of statistical
mechanics to the relativistic electron gas assuming T = 0,
yeilding
n =
8π
h3
∫ pF
0
p2dp
(1 + βp2)3
, (7)
and
P =
8π
h3
∫ pF
0
p2dp
(1 + βp2)3
(EF − Ep), (8)
leading to
n(ξ) =
K
mec2
n˜(ξ), and P (ξ) = KP˜ (ξ), (9)
where
n˜(ξ) =
1
α3
[
tan−1(αξ) − αξ(1− α
2ξ2)
(1 + α2ξ2)2
]
(10)
and
3P˜ (ξ) =
√
1 + ξ2
α3
{
tan−1(αξ)− αξ
(1 − α2)(1 + α2ξ2)
}
+
1
(1− α2)3/2 tanh
−1 ξ
√
1− α2√
1 + ξ2
(11)
with ξ = pF /mec, pF being the Fermi momentum, α =
βm2ec
2 = β0m
2
e/M
2
P (MP =
√
~c/G = 2.1765× 10−5 g)
and K = πm4ec
5/h3.
The internal kinetic energy εint(ξ) of the electron gas
for T = 0 is given by
εint(ξ) =
8π
h3
∫ pF
0
p2dp
(1 + βp2)3
{√
p2c2 +m2ec
4 −mec2
}
.
(12)
In the dimensionless quantities, the above equation be-
comes
εint(ξ) =
8πm4ec
5
h3
∫ ξ
0
ξ′2dξ′
(1 + α2ξ′2)3
{√
ξ′2 + 1− 1
}
,
(13)
leading to
εint(ξ) =
{
ξ
√
1 + ξ2[1 + (2 − α2)ξ2]
(1 − α2)(1 + α2ξ2)2 −
1
(1 − α2)3/2 tanh
−1 ξ
√
1− α2√
1 + ξ2
}
− n˜. (14)
The rest mass density ρ0(ξ) = muµen(ξ) is related to the
energy density as ε(ξ) = ρ0(ξ)c
2 + εint(ξ), where mu =
1.6605× 10−24 g is the atomic mass unit and µe = A/Z,
with A the mass number and Z the atomic number. Thus
the energy density
ε(ξ) =
K
q
ε˜(ξ), (15)
where q = me/µemu and the dimensionless energy den-
sity ε˜(ξ) is given by
ε˜(ξ) = (1− q)n˜+ q
{
ξ
√
1 + ξ2[1 + (2− α2)ξ2]
(1− α2)(1 + α2ξ2)2 −
1
(1− α2)3/2 tanh
−1 ξ
√
1− α2√
1 + ξ2
}
, (16)
In the high Fermi momentum limit, that is ξ →∞,
n˜(ξ) −→ π
2α3
= k1, (17)
P˜ (ξ) −→ k1ξ − k2 (18)
and
ε˜ −→ k1(1− q) + qk2 = 3κ (19)
with
k2 =
1
α4
(2− α2)
(1− α2) −
tanh−1
√
1− α2
(1− α2)3/2 . (20)
where k1, k2 and κ are constants. These high momentum
limits are drastically different from the ideal case due to
the role of the generalised uncertainty principle.
Moreover, the relativistic adiabatic index γ for the de-
generate electron gas is obtained as
γ =
ε+ P
P
(
dP
dε
)
s
=
1
8
(
n˜2
P˜
)
(1 + α2ξ2)3
ξ
√
1 + ξ2
, (21)
so that γ → pi16α3 in the limit ξ → ∞, unlike the ideal
case (γideal =
4
3 ).
III. MASS-RADIUS RELATION
We study mass-radius relation of the equilibrium con-
figurations in the framework of general relativity in this
section. For the matter interior to the star, the equilib-
rium values of the pressure P (r) and energy density ε(r)
are therefore determined by the Tolman-Oppenheimer-
4Volkoff (TOV) equations [37, 38]
dP
dr
= − G
c2r
(ε+ P )
(m+ 4πPr3/c2)
(r − 2Gm/c2) (22)
with
dm
dr
=
4π
c2
εr2, (23)
It may be observed that the equation of state is in
a parametric form where the Fermi momentum pF of
the electron degenerate gas occurs in the expressions for
pressure and energy density given by equations (9), (11),
(15) and (16). We express the TOV equations (22) and
(23) in terms of the dimensionless quantities ξ = pF /mec,
v = m/m0 and η = r/r0, where m0 = (qc
2)2/G3/2
√
4πK
and r0 = (qc
2)/
√
4πGK. Thus we obtain
dξ
dη
= −1
η
√
1 + ξ2
ξ
(
1− q + q
√
1 + ξ2
) v + qP˜ η3
η − 2qv (24)
and
dv
dη
= ε˜η2. (25)
A. Asymptotic solutions
For a preliminary idea about the mass-radius relation,
we study the asymptotic solutions of the TOV equations
in the low and high Fermi momentum limits.
1. Low momentum limit, ξ → 0
For low values of ξ, it can be shown that equations (24)
and (25) reduce to
ξ
dξ
dη
= − v
η2
(26)
and
dv
dη
=
8
3
ξ3η2. (27)
which can be combined to form a second order differential
equation, given by
3
16
1
η2
d
dη
(
η2
dξ2
dη
)
+ ξ3 = 0. (28)
Defining ξ2(η)/ξ2c as θ(ζ), with ξc the central dimen-
sionless Fermi momentum, and ζ is a new dimensionless
coordinate ζ =
√
16ξc/3 η, we reduce the above equation
to
1
ζ2
d
dζ
(
ζ2
dθ
dζ
)
+ θ3/2 = 0, (29)
which is the Lane-Emden equation of index 3/2. Nu-
merical solution for this differential equation is given in
Weinberg [39]. For the boundary conditions θ(0) = 1 and
θ′(0) = 0, one can immediately obtain the radius of the
white dwarf as
R =
√
3
16ξc
r0ζR (30)
where ζR = 3.65375 is the first zero of the Lane-Emden
function θ(ζ) of index 3/2.
Similarly the asymptotic behavior of the mass of the
white dwarf can be obtained from the integral expression
of Eq. (23), namely,
M =
4π
c2
∫ R
0
ε(r)r2dr =
4π
c2
A
q
8
3
∫ R
0
ξ3r2dr. (31)
We rewrite this equation in the new dimensionless vari-
able ζ, yielding
M =
√
3ξ3c
64
m0
∫ ζR
0
θ3/2ζ2dζ, (32)
thus obtaining the mass of the white dwarf as
M = −
√
3ξ3c
64
m0ζ
2
R
(
dθ
dζ
)
ζ=ζR
(33)
The value of
(−ζ2dθ/dζ)
ζ=ζR
is 2.71406 [39].
Thus the above asymptotic analysis predicts that R ∼
ξ
−1/2
c andM ∼ ξ3/2c , giving the mass-radius relation R ∼
M−1/3, implying that the radius decreases as the mass
increases.
It is important to note that, these expressions of mass
and radius are independent of the GUP parameter α (or,
equivalently β). Thus for low mass white dwarfs the GUP
has insignificant effect on the mass-radius relation and we
expect that the mass-radius curve would coincide with
that of Chandrasekhar’s for low values of central Fermi
momentum ξc (or, equivalently low central density ρc).
2. High momentum limit, ξ →∞
For high values of ξ, the TOV equations reduce to
dξ
dη
= −
k1
3
η
1− 2qκη2
(
1− q + qξ
)(
1− q + 3qξ − 2q
k2
k1
)
(34)
and
v = κη3. (35)
Since typically α ∼ 0.1, the ratio k2/k1 ∼ (4/πα),
hence the last term in the second bracket can be ignored
if αξ ≫ 8/3π. Since we are looking for the solutions of
ξ →∞, we shall ignore this term, obtaining
dξ
dη
= −k1
3
η
1− 2qκη2 (1 + qξ) (1 + 3qξ) , (36)
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FIG. 1. (a) Exact mass-radius relations for white dwarfs with GUP equation of state for β0 = 10
42, 1041 and 1040. (b) Exact
mass-radius relations (dashed curves) for β0 = 10
44 in comparison with the corresponding analytically obtained asymptotic
solution (smooth curve) given by Eqs. (30) and (33) in the high ξc limit. The open circle represents the maximum values of
mass Mmax and radius Rmax. The lower left region of the exact mass-radius curve is blown up (dashed curve) in the inset
where it is compared with the analytically obtained asymptotic solution in the low ξc limit (smooth curve).
where we have used the fact that q ∼ 10−4. The solution
of the above equation is given by
1 + 3qξ
1 + qξ
=
(
1− 2qκη2)−k1/6κ + const. (37)
Using the boundary conditions we can immediately ob-
tain the integration constant and hence the radius of the
star as
ηR =
1√
2qκ
{
1−
(
1 + qξc
1 + 3qξc
)6κ/k1}1/2
. (38)
Since 6κ/k1 ≈ 2, we have
ηR =
1√
2qκ
{
1−
(
1 + qξc
1 + 3qξc
)2}1/2
(39)
Thus from Eq. (35) the mass become
vR =
(
1
2q
)3/2
1√
κ
{
1−
(
1 + qξc
1 + 3qξc
)2}3/2
(40)
As the the central Fermi momentum approaches larger
and larger values, we see that the radius and mass ap-
proach maximum values, given by
Rmax =
2
3
r0√
qκ
, and Mmax =
8
27
m0√
κq3/2
(41)
B. Exact solutions
In this section we obtain exact solutions of the TOV
equations (24) and (25) employing the GUP equation of
state expressed by equations (11) and (16) in parametric
form. The numerical integrations are carried out with the
boundary conditions ξ(0) = ξc, v(0) = 0 and ξ(ηR) = 0,
where ηR denotes the dimensionless radius of the star.
The resulting mass-radius relations for different strengths
of the dimensionless GUP parameter β0 are shown in
Figures 1 and 2.
It is apparent from Figures 1 and 2 that, for large
values of β0, the mass-radius relations given by the GUP
equation of state deviate significantly from the ideal case,
whereas for smaller values of β0, such deviations are
smaller.
In Figures 1(a) and 1(b), we display the mass-radius
curves for higher magnitudes of the GUP parameter such
as β0 = 10
44, 1042, 1041 and 1040. We see that the mass-
radius curves coincide with the Chandrasekhar’s curve
only for low values of the central Fermi momentum ξc,
as shown in the right-hand part of the inset in Figure
1(b). This is evident from the fact that the TOV equation
reduces to Newtonian equation in the low density regime.
Moreover, we see from the right-hand part of Figure 1(a)
that all curves nearly coincide irrespective of the strength
of the GUP parameter β0. This is due to the fact that β0
disappears from the asymptotic equations in this regime
as we have seen earlier in Section III A 1.
For higher ξc values, the exact mass-radius curve
reaches a point where the radius is minimum Rmin. The
Rmin value is smaller for smaller β0 values as seen in Fig-
ure 1(a). On further increasing ξc, both the mass and
radius increase reaching terminal values as shown in Fig-
ure 1(b) denoted by a open circle. In this regime, we see
that analytically obtained high momentum solution (Sec-
tion IIIA 2) coincides with the exact mass-radius curve
as shown in Figure 1(b). Moreover, the terminal values
of radius Rmax and mass Mmax given by equation (41)
6500 1000
R [km]
1.42
1.425
1.43
M
 [M
su
n
]
β0 = 4.50 × 10
39
β0 = 5.00 ×10
39
β0 = 5.38 × 10
39
β0 = 6.00 × 10
39
β0 = 6.30 × 10
39
0 500 1000 1500
R [km]
1.3
1.35
1.4
1.45
M
 [M
su
n
]
β0  =  0
β0  =  10
38
β0  =  10
39
(a) (b)
FIG. 2. (a) Exact mass-radius relations for β0 in the range 4.50 × 10
39
≤ β0 ≤ 6.30 × 10
39. The mass-radius relation for
β0 = β¯0 = 5.38 × 10
39 demarcates these curves into two classes. For β0 > β¯0, there occurs no maximal point whereas for
β0 < β¯0 maximal points (R
∗, M∗) exist (shown by open circles). (b) Exact mass-radius relations for β0 = 10
39 and 1038 in
comparison with that of the ideal case, β0 = 0. Proximity of the maximal points (R
∗, M∗) are shown by open circles (for
β0 = 10
39 and 1038) with that of the ideal case, shown as a solid triangle (β0 = 0).
are found to be nearly the same as given by the exact
solutions. However these terminal values are excessively
high, as evident from Figure 1(b).
Exact mass-radius curves for intermediate strengths of
the GUP parameter β0 (in the range 4.50× 1039 ≤ β0 ≤
6.30×1039) are shown in Figure 2(a). We see a cross-over
in the behavior of the curves around the value β0 = β¯0 =
5.38× 1039. For β0 > β¯0, the mass-radius curves do not
have a maximal point, whereas for β0 < β¯0, there exist
maximal points. Figure 2(b) compares the mass-radius
relation for smaller values of β0 (= 10
39 and 1038) with
the ideal case (β0 = 0). We see that the maxima of the
mass-radius curves for these values of β0 nearly coincide
with the maxima of the ideal case. It is also important
to note that the maxima shifts slightly towards the right
[Figure 2(a)] as the value of β0 is decreased until the
maxima coincide with the ideal value [Figure 2(b)].
A more rigorous treatment is required to assert
whether these maxima correspond to the onset of grav-
itational instability. Moreover, it is critical to analyze
the role of GUP parameter in the determination of the
maximum possible mass of white dwarfs. In the follow-
ing section we perform a rigorous stability analysis of the
equilibrium configurations by investigation the dynami-
cal instability in the framework of general relativity. It
consists of studying dynamics of time dependent infinites-
imal radial perturbation about the equilibrium configu-
ration at every point inside the star in a homologous
manner [40]. The time evolution of these perturbations
determined by the central Fermi momentum ξc and the
GUP parameter β0 establish whether the system is stable
or otherwise.
IV. DYNAMICAL STABILITY ANALYSIS
As we have already noted, dynamical stability anal-
ysis consists of the investigation of the time evolution
of homologous infinitesimal perturbation about the equi-
librium configuration [40–42]. The corresponding metric
interior to the star is expressed as
ds2 = eν+δνc2dt2−eµ+δµdr2−r2(dθ2+sin2 θ dφ2), (42)
where ν(r) and µ(r) are the equilibrium metric poten-
tials and the perturbations δν(r, t) and δµ(r, t) are due
to small radial Lagrangian displacements ζ(r, t). This
induces perturbations δP (r, t) and δε(r, t) to the equi-
librium pressure P (r) and energy density ε(r). The
smallness of the perturbation allows one to consider si-
nusoidal displacements ζ(r, t) = r−2eν/2ψ(r)eiωt. The
corresponding equation for the radial oscillation can be
obtained in the Strum-Liouville form [43]
d
dr
(
U
dψ
dr
)
+
(
V +
ω2
c2
W
)
ψ = 0, (43)
satisfying the boundary conditions ψ = 0 at r = 0 and
the Lagrangian change in pressure δP = −eν/2 γPr2 dψdr = 0
at r = R. In the above equation,
U(r) = e(µ+3ν)/2
γP
r2
, (44)
V (r) = −4e
(µ+3ν)/2
r3
dP
dr
− 8πG
c4
e3(µ+ν)/2
r2
P (P + ε)
+
e(µ+3ν)/2
r2
1
P + ε
(
dP
dr
)2
, (45)
W (r) =
e(3µ+ν)/2
r2
(P + ε), (46)
7with the adiabatic index γ, given by
γ =
ε+ P
P
(
dP
dε
)
s
. (47)
Integrating Eq. (43) upon left-multiplying by ψ, one
obtains the integral
J [ψ] =
∫ R
0
{
Uψ′2 − V ψ2 − ω
2
c2
Wψ2
}
dr (48)
where ψ′ = dψ/dr, and the boundary conditions elim-
inate the surface term. It can be shown that Eq. (43)
is reproduced from the variational principle δJ [ψ] = 0.
Thus the lowest characteristic eigenfrequency of the nor-
mal mode is obtained from
ω20
c2
= min
ψ(r)
∫ R
0
{
Uψ′2 − V ψ2} dr∫ R
0 Wψ
2dr
. (49)
The star remains in stable equilibrium so long as this
equation yields positive values of ω20 . On the other hand,
a negative ω20 signifies unstable equilibrium. A power se-
ries solution of Eq. (43) about r = 0 gives ψ(r) ∝ r3 in
the leading order for which ζ(r) and ζ′(r) are finite. A
good approximation for the trial function of the funda-
mental mode can be taken as the simple form ψ(r) = c0r
3
[40, 41, 44]. With this choice, the onset of instability,
hence the critical density ρ∗c for gravitational collapse,
can be identified with a zero eigenfrequency solution of
Eq. (49).
For the matter interior to the star, the equilibrium
values of the pressure P (r) and energy density ε(r) are
determined by the Tolman-Oppenheimer-Volkoff (TOV)
equations (22) and (23) and the interior Schwarzschild
metric potentials satisfying the Einstein’s field equations
are given [37, 38] by
e−µ(r) = 1− 2Gm
c2r
(50)
and
eν(r) =
(
1− 2GM
c2R
)
exp
[
−2
∫ P (r)
0
dP
ε+ P
]
. (51)
A. Eigenfrequency of the fundamental mode
The interior Schwarzschild metric potentials can be
written in dimensionless varibles as
e−µ(η) = 1− 2q v
η
(52)
and
eν(η) =
(
1− 2q vR
ηR
)(
1
1− q + q
√
1 + ξ2
)2
, (53)
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FIG. 3. Eigenfrequency of the fundamental mode ω20 against
central density ρc for various values of the GUP parameter
β0.
where the expression for eν is obtained from the equation
of state given by equations (11) and (16).
The solution of the TOV equations (24) and (25), and
equations (52) and (53) give all quantities necessary for
the evaluation of the functions U(r), V (r) and W (r) in
equations (44–46). We may rewrite Eq. (49) in dimen-
sionless form as
ω20 =
(
qc2
r20
) I + J
K , (54)
where
I =
∫ ηR
0
e(µ+3ν)/2
γP˜
η2
ψ′2dη, (55)
J =
∫ ηR
0
e(µ+3ν)/2
η2
[
4
η
dP˜
dη
+ 2qeµP˜ (ε˜+ qP˜ )
− q
ε˜+ qP˜
(
dP˜
dη
)2ψ2dη, (56)
and
K =
∫ ηR
0
e(3µ+ν)/2
ε˜+ qP˜
η2
ψ2dη. (57)
We thus numerically evaluate the integrals in
Eq. (55)—(57) with the trial function ψ = c0η
3, where
c0 a disposable constant, for different choices of the GUP
parameter β0. Consequently we obtain the eigenfre-
quency of the fundamental mode ω20 from equation (54).
As stated earlier, stable configurations correspond to pos-
itive values of ω20 whereas a zero frequency solution indi-
cates the onset of a dynamical instability signifying the
onset of a gravitational collapse.
We display the results of the numerical integrations in
Figure 3, where the eigenfrequency ω20 is plotted with
8TABLE I. Critical values of the central density ρ∗
c
, mass M∗,
and radius R∗ for different values of the GUP parameter β0 at
the onset of dynamical instability determined by the vanishing
eigenfrequency of the fundamental mode.
β0 ρ
∗
c
(g cm−3) M∗ (M⊙) R
∗ (km)
5.38× 1039 1.0105 × 1011 1.4244 655.5629
5.00× 1039 5.8618 × 1010 1.4235 776.3669
1.00× 1038 2.3801 × 1010 1.4165 1021.6162
1.00× 1034 2.3588 × 1010 1.4164 1024.3821
respect to the central density ρc (= εc/c
2) for different
values of β0. We observe that for low mass white dwarfs
with central densities ρc . 10
9 g cm−3, the pulsation
frequencies overlap signifying the irrelevance of the effect
of GUP in this range of central densities. The pulsation
frequencies start to deviate from each other in the higher
density regime depending on the value of β0.
For β0 ≤ β¯0 = 5.38 × 1039, there exist zero eigenfre-
quency solutions at central densities ρ∗c , suggesting the
onset of gravitational collapse. The existence of imagi-
nary eigenfrequency solution corresponding to unstable
configuration is possible only for β0 < β¯0. For β0 > β¯0,
zero eigenfrequency solutions are not possible even for
arbitrarily high central densities ρc, signifying stability
of excessively massive white dwarfs. We also see that the
curve for β0 = 10
38 nearly coincides with that for the
ideal case (β0 = 0). This means that all curves in the
range 0 ≤ β0 ≤ 1038 overlap (to a good approximation)
giving rise to approximately the same onset density ρ∗c
for gravitational collapse. A legitimate upper bound is
given by the electroweak limit β0 ∼ 1034 [31] which is
well within the range 0 ≤ β0 ≤ 1038. Since this onset
density is nearly 2.3588× 1010 g cm−3, Chandrasekhar’s
general relativistic mass ∼ 1.42 M⊙ is easily recovered
in this range which extends four orders of magnitude be-
yond the electroweak bound.
The above discussions lead to parallel observations
from Figure 2 (a) where β0 = β¯0 demarcates a change
in behavior of the mass-radius curves. The non-existence
of a maximal point in the mass-radius curve for β0 > β¯0
is evident from the fact that there exists no critical den-
sity ρ∗c corresponding to a zero eigenfrequency solution.
On the other hand, for β0 < β¯0, the existence of maxi-
mal points (R∗, M∗) in the mass-radius curves are con-
sequences of zero eigenfrequency solutions at ρ∗c . The
branches towards the right of the maximal point (R∗,
M∗) correspond to lower central densities ρc < ρ
∗
c and
thus the stability of this branch is confirmed by the fact
that ω20 is positive, as shown in Figure 3. On the other
hand, the branches towards the left of the maximal point
(R∗, M∗) correspond to instability as ω20 becomes neg-
ative (not shown in Figure 3) and they correspond to
ρc > ρ
∗
c .
As β0 is deceased towards 10
38, the maximal points
(R∗, M∗) approach closer to each other and nearly coin-
cide at β0 = 10
38. The corresponding critical values are
displayed in Table I where it is evident that the critical
mass approaches the limit 1.416 M⊙ and the radius 1024
km.
Thus in addition to asserting the existence of the Chan-
drasekhar limit, the stability analysis confirms the fact
that the radius decreases as the mass increases for stable
configurations of white dwarfs.
V. CONCLUSION
As we have already discussed in detail, there have been
a few attempts to restore the Chandrasekhar limit when
white dwarfs are described by GUP-enhanced equation
of state. However all these attempts are found to be in-
adequate from different perspectives, and some of them
led to unphysical mass-radius relations. It thus becomes
essential to resolve this issue in a cogent fashion so that
all assumptions in the theory are physically plausible.
In fact, we have shown that this issue is resolved in a
rigorous manner by adopting general relativity vis-a`-vis
GUP-enhanced equation of state with positive GUP pa-
rameter β. Importantly, we find that the Chandrasekhar
mass is assured for β0 values below β¯0, for which onset of
gravitational collapse is possible. We also note that the
electroweak upper bound for β0 is much below β¯0 so that
physical existence of Chandrasekhar limit is guaranteed.
The above conclusion stems from a rigorous stability
analysis of the equilibrium configurations as displayed in
Figure 3, where the eigenfrequency of the fundamental
mode ω20 is plotted with respect to the central density
ρc for different values of β0. We see that a vanishing
eigenfrequency exists when β0 ≤ 5.38× 1039 = β¯0, giving
rise to a dynamical instability at critical central densities
ρ∗c . However, for β0 > β¯0, no dynamical instability oc-
curs because of the nonexistence of a zero eigenfrequency
solution, implying that these configurations remain sta-
ble for arbitrarily high values of ρc leading to excessively
massive white dwarfs. However these solutions are phys-
ically unacceptable because the corresponding β0 values
are well above the electroweak bound.
An important point to observe from Figure 3 is that
the eigenfrequencies for β0 = 10
38 practically coincides
with that of the ideal case, β0 = 0. Thus in the range
0 < β0 < 10
38, the critical density ρ∗c for the onset
of gravitational collapse (determined by the vanishing
eigenfrequency) remains practically unaltered. We find
ρ∗c = 2.3801× 1010 g cm−3 for β0 = 1038, which is nearly
the same as Chandrasekhar’s critical value of 2.3 × 1010
g cm−3 (for β0 = 0). It is thus evident that Chan-
drasekhar’s general relativistic critical mass of 1.42 M⊙
[42] remains practically unaffected.
In the context of the stability analysis, we can analyze
the mass-radius curve obtained in Section III. Since the
Chandrasekhar limit exists only below β¯0 = 5.38× 1039,
all mass-radius plots in Figure 1 above this value would
not correspond to reality. This is also evident from the
fact that β¯0 is much higher than the electroweak bound
9β0 ∼ 1034. For β0 < β¯0, the mass-radius curves develop
maximal points [see Figure 2 (a)] at which the eigenfre-
quencies ω20 vanish as shown later in Section IV. These
maximal points correspond to limiting Chandrasekhar
mass lying below ∼ 1.425 M⊙. It is important to note
that the radius decreases as the mass increases in the part
of a mass-radius curve towards the right of the maximal
point that corresponds to the stable branch. The mass-
radius behavior in the stable branches is consistent with
several astronomical observations of white dwarfs [12–
14, 45–49]. In this context it may be recalled that the
other attempts, based on negative β [3] and Λ-modified
GUP [4], led to mass-radius relations that contradict
the astronomical observations. Moreover, our stability
analysis suggests that upon reaching beyond the Chan-
drasekhar mass the star would collapse to form highly
dense compact objects such as neutron star or black hole.
Formation of such compact objects are impossible in the
other scenarios (based on negative β [3] and Λ-modified
GUP [4]) where the density would be infinitely diluted
as the Chandrasekhar mass is approached.
The present scenario of describing white dwarfs in
terms of general relativity and GUP-enhanced equation
of state with a positive GUP parameter β rigorously leads
to the existence of Chandrasekhar mass as well as the cor-
rect behavior of the mass-radius relation consistent with
astronomical observations. Moreover it suggests the on-
set of gravitational collapse beyond the Chandrasekhar
mass leading to the possibility of highly dense astrophys-
ical objects such as neutron stars or black holes.
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